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We present a “dynamical” approach to the study of the singularity of infinitely
convolved Bernoulli measures vy, for § the golden section. We introduce v, as
the transverse measure of the maximum entropy measure u on the repelling set
invariant for contracting maps of the square, the “fat baker's” transformation.
Our approach strongly relies on the Markov structure of the underlying
dynamical system. Indeed, if f§=golden mean, the fat baker's transformation
has a very simple Markov coding. The “ambiguity” (of order two) of this
coding, which appears when projecting on the line, due to passages for the
central, overlapping zone, can be expressed by means of products of matrices (of
order two). This product has a Markov distribution inherited by the Markov
structure of the map. The dimension of the projected measure is therefore
associated to the growth of this product; our dimension formula appears in a
natural way as a version of the Furstenberg—Guivarch formula. Our technique
provides an explicit dimension formula and, most important, provides a for-
malism well suited for the multifractal analysis of this measure, as we will show
in a forthcoming paper.

KEY WORDS: Bernoulli convolutions; Hausdorff dimension; random matrices;
Lyapunov exponent.

1. INTRODUCTION

1.1. The Problem

Let ¢, ¢,,... be a sequence of independent random variables each taking the
values +1 and — 1 with equal probability. The probability distribution of
the random variable (1-p)>"_,¢,8", 0<f <1, defines a measure v,

which is called an infinitely convolved Bernoulli measure or simply a
Bernoulli convolufion, 24 14.13.20.21. 1)
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If for f < 1/2, v, has clearly a Cantor distribution, and for = 1/2 the
uniform (Lebesgue} distribution, for 8> 1/2 it is a difficult, old, and not yet
completely solved problem to decide on the nature of vj. It is known?*
that v, is continuous and always pure, i.e., either absolutely continuous or
totally singular, and in 1939 P. Erd6s proved the singular continuous
nature of v, if B! is a Pisot number (ie., an algebraic integer whose
conjugates lie inside the unit circle). He also proved that for almost all
sufficiently close to 1, v, is absolutely continuous.''*)

Twenty years later, A. Garsia considered the entropy A § of the
distribution v of the discrete random variable (1-8)3>/_,¢,8" If
lim,_ , Hy=inf,(H}/p)=G(B) takes a value below log ', then v, is
necessarily singular and this is the case for ! a Pisot number.®?

The recent work of Alexander and Yorke!" relates to dynamics this old
arithmetic measure problem. They consider the map (x, y)e (— o0, +00) x
[—=1, +1] = Ty(x, y):

Bx+1—=4,2y—1 if y=0

Tylx, )”’={ﬂ.\-—(1—/3),2y+1 if y<0 (1D

For = 1/2 this is the classical baker’s transformation, for f < 1/2 the dis-
sipative one. For 1/2<f <1, T, is the “fat baker’s” transformation: the
map is now not inversible, the attractor is the whole square [—1, +1] x
(—1, +1], and it possesses a Sinai-Bowen-Ruelle measure whose trans-
verse component is v,

1.2. The Hausdorff and Information Dimension of a Measure

Recall that the Hausdorff dimension (HD) of a Borel probability
measure ¢ on a compact metric space M is the HD of the smallest set of
full measure: HD(u)=inf{HD(Y), Y: u(Y)=1, Y M}. Young"® proved
that if p is a Borel probability measure on a compact Riemannian
manifold, and if u ae.

i log u(B,(x))
m-————-=u

(1.2)
:~0 —loge

[B.(x) being a g-ball centered in x], then HD{u)=0a. In the dynamical
system context (1.2) the limit exists,(!-36:26.19:17)

Alexander and Yorke prove that if §7' is Pisot number, then /,(v;) =
G(B)/(—log B) (the Garsia entropy invariant) and find numerically the
value /(vg) for B =golden mean.

Alexander and Zagier,'”’ as we learned during the preparation of this
paper, have now, by a completely different method, a theoretical entropy
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formula for f=golden mean which agrees with the empirical result of
ref. 1. We also learned that Bovier'®' has another proof of the singularity of
v, in that case.

1.3. Motivations and Method

This paper has a double motivation. First, until now rigorous results
in (multi)fractal analysis [“singularity f(a«) spectrum;” see, e.g., ref 11)
have been concerned with invariant sets which have essentially a Cantor-
set structure. It was tempting to try to extend these ideas and techniques
to the more realistic and complicated situations where more than one
contracting direction is present and each interferes with the others. Second,
the long history and multiple aspects of the problem of the nature of v,
and the effort to understand the obscure, fascinating papers of Garsia, led
us to concentrate on this example, which offers a beautiful fusion of
arithmetic and dynamical aspects. The aim of this paper is to prepare a
method to describe in great detail the invariant measure in view of the mul-
tifractal analysis of the fat baker’s transformation. The singularity of v, for
f = golden mean is an old result. We give first an explicit (i.e., numerically
computable) theoretical formula for the dimension of v, in this nice case.

Our approach is a dynamical system approach; we introduce v, as the
transverse measure of the maximum entropy measure y on the repelling set
invariant for the contracting maps of the square F;'=(fx, y/2) and
Fil=(Bx+1-4,(y+1)2)

By refs. 27 and 28 we know that v, always satisfies (2), so that all
notions of dimension coincide.

Our approach strongly relies on the Markov structure of the two-
dimensional system (2.1). (This is the main difference with Garsia and all
other works.) Indeed, if §=golden mean, the fat baker’s transformation
has a very simple Markov coding, The “ambiguity” (of order two) of this
coding, which appears when projecting on the line, due to passages for
the central, overlapping zone, can be expressed by means of products of
matrices (of order two). This product has a Markov distribution inherited
by the Markov structure of the underlying dynamical system (2.1). The
dimension of the projected measure is therefore associated to the growth of
this product; our dimension formula appears in a natural way as a version
of the Furstenberg-Guivarch formula. The result of Young (2) ensures that
this quantity gives actually the (information) dimension of the measure.

Observe that there are other random products of matrices which
might naturally occur in this problem (R. Kenyon, Y. Peres, and S. Lalley,
private communications).

It is very likely that our method may be extended to some families of
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Pisot numbers. However, for practical purposes, the complexity of the
method increases with the size of the matrices. Dimension(s) of measures
which are concentrated on attractors is of course of special interest in
dynamics. Unfortunately, the singularity of v, is more a beautiful arithmetic
hazard than a physically relevant property: most of the fat baker’s trans-
formations are absolutely continuous. This has to be related to the!!®
conjecture.!+27-28)

2. THE SETTING
We consider the map (x, y) — F(x, y):
x/B, 2y if y<1/2, x<p
x/p—B,2y—1 if y=21/2, xz21-4
with g+ B2 = 1, with inverses
Fg': [0,11x[0,11-1[0,81x[0,1/2),  Fg'(x, y)=(Bx, y/2)
F7': [0,11x[0,1]—>[1—=p,1]x[1/2,1],
Fil(x, y)=(Bx+1=8,(y+1)/2)

F(x, y)={ (2.1)

The invariant (repelling) set is

X={ﬁ U Fazz.uk,[o,ljxto,ll,k.-e{o,l}}

i=1 {ki k2. k)

Let
A=[1-8p1x[1/2,1]
B={p,1]1x[1/2,1]
C=[0,1-81x[0, 1/2]
D=[1-8,8]x[0,1/2]

Remark. 1If B+pB*>=1, {A,B,C,D} is a Markov partition. The
compatibility rules are the following:

FAnX)=CnX
FBnX)=AuBuDnX
FICnX)=AuCuDnX
FDnX)=BnX

(2.2)

That is, every point (x, y)e X is coded by a sequence a(x, y) = aqa,...
with a;€ {4, B, C, D} such that (x, y)ea,, F(x, y)ea,,.., F'(x, y)ea

naveey
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and conversely any compatible sequence aqya,... defines a unique point
(x, v)eX.
We describe now the invariant measure we select. ¥/e [0, 1] x [0, 1]

we set
WFg ' Ny=3pul),  p(F7'I)=3ul) (23)

If we take I'=[0, 1] x [0, 1], we have
wA) +u(B)=%  u(C)+u(D)= (2.4)

1
For I=A, B, C, D Markov compatibility rules (2.2) give [where we
denote CA = {(x, y)s.t.(x, ¥)eC, F(x, y)e A}]

Lu(A) = p(CA) = p(BA)
{u(B)=p(DB) = u(BB)

(2.5)
$1(C) = p(CC) = p(AC)
3u(D) = p(CD) = u(BD)
[so that u(AC)+ u(BD)=1/4, etc.]
Observe that Markov rules (2.2) give also
wAC)=pw(4),  w(DB)=u(D) (2.6)

Equations (2.5) and (2.6) give $u(C)=pu(A) and 1u(B) = p(D), which,
combined with (2.4), give also }u(C)=u(D) and $u(B)=p(A4), and we
conclude that u(B)=u(C)=1/3, u(4)=u(D)=1/6.

Observe now that, once the invariance formulas (2.3) and Markov
compatibility rules (2.2) are stated, the measure of cylinders of bigger
length can be computed, according to the usual rules, via the transition
matrix P:

(o]
o
(=)

1
0

O si— b~
—_— O N
[« RN NN

faw B NTISY

Any of the 42" compatible finite sequences aqa,...a, of length N has
measure u=0(2~ ") (see Section 4) and so this is the maximum entropy
(log 2) Markov invariant measure (uP = ).

3. PROJECTION RULES

It is possible, and also easier, to understand the distribution of points
(1—pB)> e,B" on the line by looking at the two-dimensional system (2.1)



1312 Ledrappier and Porzio

and not just to its projection. Of course the Markov partition is not
necessary for the understanding of the two-dimensional dynamics; it was
introduced to set down a “dictionary” for projecting it on the line and vice
versa.

Consider the f-adic expansion of xe [0, 1], x=Y,,,¢8" ¢;€ {0, 1}.
If B+ B*=1, the expansion of 1 is g(1)=1100..., so that all admissible
f-expansions of xe [0, 1] are the sequences g(x) <g(1), that is, all sequen-
ces of 0 and 1 without two adjacent ones. This expansion is also unique up
to periodic expansions.®">’ We have to distinguish three cases.

(a) O0<x<1—f. Then g(x)=00¢e,..., so that e(x/8%)=&;¢,...
(b) 1—B<x<f. Then gx)=010e,¢5..., so that g((x—p° /[3
€484 .

(c) B<x<1. Then g(x)=10¢;¢,..., 50 that g((x — B)/B*) =¢&;&,...

We come now to the Markov coding. We write C$={(x, y)s.t.
(x, y)eC, F(x, y)e C or D}).

(al) O<x<1—f and y<1/4. We have a,=C and a,=C or D.
Expand (x, y):a(x, y)=aa,a,a;...=C%a,a,.... Expand its projection
X:g(x)=00¢:84..., i€, &(x/B?)=¢36,.... Also, a(F(x, y))=asa;...
and F?(x,-)=(x/B% -). This means that a,a,... projects on x/f>=
e\ f+¢e,B7+..., that is, €)=¢,, € =&4,., etc. In conclusion, a,a;...
projects on g;é,... .

(a2) O<x<l1—f and 1/4< y<1/2. We have a,=C and a,= 4.
Expand (x, y):a(x, y)=apa,a,a;...= CAa,a;.... On the other hand its
projection x has expansion s(r) 008184 ., Le, e(x/B*)=¢;584.... Also,
a(F*(x, y))=a,a,... and F( ~B+x/B% ). Markov rules force
a,=C, ie, F¥x, y)eC, so that —B+x/B2<p> It follows that
—B+x/B*=¢\B+esf*+... with &} =0, £, =0,.., ie, x/f>=F+¢&, 8 +
By comparing with x/f>=¢,f+¢e,8° +esp>+..., we have e;=1, ¢,=0,
€s =¢s..., etc. In conclusion, a,a,... projects on 10¢;... .

(bl) 1—B<x<p and 1/4d<y<1/4+1/8. We have a,= D,
a,=B, and a,=D. Expand (x, y):a(x, y)=aga,a,a;...= DBDa,... and
its projection x:g(x)=010¢,..., ie, &((x—B?)/B*)=¢e4¢5.... One has
a(F(x, y))=asa,... and F3(x,-)=((x—p*/B*+B,-). Markov rules
force a;=B, ie, F(x,y)eB, so that B+ (x—p?)/f>>p. Expand
B+ (x—p2)B=c\B+ersp>+e,p.. with =1 =0, .ie.,
x—~pB?)/B*=¢38° +..., and comparing with (x — 2 )/B3—84ﬁ+€5ﬂ +..
we find g, =0, £5,=0,..., etc. In conclusion a,a,... projects on 00g...

(b2) 1—-B<x<f and 1/4+1/8<y<1/2. We have ay= D,

=B, and a,=A or B. Expand (x, y):a(x, y)=aga,a,a;...= DBja,...
and its projection x:g(x)=010g,..., i€, &((x—B%)/B)=¢e4es.... Also,
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a(F?(x, y))=aja,.... On the other hand, Fi(x,-)=((x—8%)/8% ). In
conclusion a;a,... projects on g,¢s... .

(b3) 1—f<x<f and 1/2<y<1/2+1/8 We have ay=4, a,=C,
and a,=C or D. Expand (x, y):al(x, _v)=aoa,aza3...=ACga3...
and its projection x:g(x)=010¢,..., ie., &((x—p?)/B*)=¢e4¢s5.... Also,
a(F’(x, y))=asa,... and F3(x,-)=((x—$*)/B%-). In conclusion a;a,...
projects on g4és... .

(b4) 1—B<x<fand 1/2+1/8<p<1/4 We have ay=4, a,=C,

and a,= A. Expand (v, _v): a(x, y)=apa,a,a;...= ACAa,... and its projec-
tion x: 6(x)—01084 . ie, &((x—B%)/B?) =tqes.... Also, a(F(x, y))=
asa,... and F3(x, -) B+ Y—B’)/,B", -). Markov rules force a,=C, ie.,

F3x, y)eC, so that B+(x—BH)/B =¢ B+er2+e3 .. with ¢, =0,
¢5=0,.., and comparing with (x— $?)/f*=¢,B+esB>+..., we find ¢, = 1,
&5=0,.., and in conclusion a,a,... projects on 10s,....

(cl) B<x<1 and 1/2<y<1/2+1/4. We have, a, =B and
a, = D. Expand (x, y): a(x, y)=aea,a,a;...= BDa,a,... and its projection
x:g(x)=10e,e,..., ie, &((x—B)/B*)=¢364.... We have a(F3(x, y))=
aya;... and F(x,-)=(B+ (x—B)/B> -). Markov rules force a,= B, ie.,
F*(x, y)e B, which means B+ (x—B)/f*=¢ B+, +... with ¢ =1,
¢5=0,.., i.e., comparing with (x—f)/f>=¢; 8+, +..., we have ¢, =0,
€4=0,.., and we conclude that a,a,... projects on 00s,....

(c2) B<x<land 1/2+1/4<y<1. We have ay=B and a,=4 or
B. Expand (x, y):a(x, y)=aya,a,as...= B%a,a,.... Expand its projection
x:g(x)=10e5e,..., ie., &((x—p)/B*)=¢se4.... We have a(F3(x, y))=
a,as... and F?(x, -)=((x—[i)/[32, -). This means that a,a;... projects on
€1E4... .

We summarize as follows (by * we mean the second or third iterate
of F):

a(x, y) &(x) a(F*(x,y))  &(FX(x, )
CSa,... O0k,... aas,... EE4...
CAa,... OO0Ok;... Caqa,... 10¢s...
DBja,... 010s,... asa,... £4E5...
DBDa,... 010¢,... Ba,as... 00k...
ACSas... O10g,... asa,... E4€5...
ACAaj... O10¢,... Ca,as... 10¢...
Bja,... 10¢,... a,as... £384...

BDa,... 10¢;... Ba;... Og,...
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We easily see from the above table that projection rules depend on the
splitting of the sequences. In other words, the shift does not commute with
the projection. We will be able nevertheless to use these rules to count how
many and which Markov sequences have the same given projection.
Indeed, even if they do not commute exactly, it is possible to set up a
stationary context in which “things go as if they did.” We return to this in
Section 5.

4. THE MEASURE v,

Let 2'(X) be the space of admissible sequences a,a,...; 2,4([0, 1]) the
space of admissible sequences ¢,¢,...; 2y (X) and 2;:([0, 1]) the spaces of
finite sequences of length N. We have constructed a map &:2(X)—
Z4([0,1]) [and its restriction QD:ZN(X)—»Z;}’([O, 1], ®(a,a,a;...)=
£,€565.... Let Py=1{A, B, C, D}, PNsz’l’,szPo. There are 42" rectangles
of length N+1 in P, (Markov rectangles). Let B, be the partition of
[0, 1] obtained by projecting Py on [0, 1]. There are 2F, , ; intervals in
By, where F,=0, F,=1, Fy+ Fy,,=Fy., are the Fibonacci numbers.
They all have length of the order of BV *': this is a property of the Pisot
numbers.

A Markov rectangle has a measure

Waga,...ay) = plag) Pla,|ag)... Play|lay_,)
with
(1/3)2 "< plaga,...ay) <(2/3)2°V 4.1)

We define now the projected measure v, on [0, 1] as the image of u
via @.%

Definition 4.1. Let gpa,...aye X (X) and P(aga,...ay) =¢&,....
Then, Ve, ¢,...e5€ Z3([0, 1]),

vg(€,8...88) = (P~ (£, 85...6x)) (4.2)

Let #{® '(g,&,...e5)} =z(g,&,...6) be the “ambiguity” of apa,...ay.
Then, since u is the maximum entropy measure (4.1),

(1/3)2-N 2(8181...Ex) SVple182...64) S (2/3) 27V z(e 85 8y)  (43)

Finally, observe that v, coincides with the probability measure defined
in refs. 1, 20, and 21. For, consider Fy'=fx, F['=8x+1—8, p the
probability on the space of functions F; [0, 1] — [0, 1], which gives weight
1/2 to both F;' and F'. Now, p determines a Markov process {X,} in
the following way. Choose X,=xe [0, 1] according to a probability v;
then
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Y. = {BX,, +1-8 with probability 1/2
" BX, with probability 1/2

There is only one stationary probability distribution v=v, for this
Markov process, and this is the distribution of the random variable
(1-pB)X 7 o B",, where ¢, are the Bernoulli variables p(c,=0)=
ple,=1)=1/2.1%

5. THE AMBIGUITY OF THE PROJECTION

Recall that our aim is “to count ambiguity”: the projection rules have
been constructed to know which are the Markov rectangles all projecting
on the same interval of B,. We concentrate on the central, overlapping
zone. Observe that the f-coding of an interval /e B, which lies in “the
center,” i.e., is contained in [ B2 B], has the form &(/) =&,¢,...6,5, where

£, =0, g, =1, g=..=¢, =0, €11 =0, Epr2=1
8:1|+3= =£n|+2+ng=03"" 8u|+2+nz+2+“.n‘,A|-‘)-l=0
£n|+2+ng+2+...n,,_|+2= 1‘ En|+2+nz+2+...n,,_|+2+n,,=0

with n,+2+n,+2+...+n,+2=N, n,20. We denote briefly &(/)=
01, ny, 01, n,,.., 01, n, for such an interval. There is a repeated structure
which allows us to use the projection rules just as if there were commuta-
tion between projecting and shift. Observe first that passages through the
center (i.e., on 01) are coded by AC or DB when n+ 1 is even, and by AC,
DB, or BB when n+1 is odd. That is,

AC AC
{®1(01,n,01)} ={ AC...
(&-'(01, n,01)} {AC o5 DB DB}

or

1 _ AC AC
{@-'(01,n01)} = {AC...DB, DB... B }
(where -B means BB or DB and ... stands for any admissible sequence
of n symbols), depending on the parity of n. The above BB symbol does
not correspond to an initial passage in (01). To overcome this problem,
we only have to consider bilateral sequences ...a_p...qq...ay... and
c.€_pe.€g...En... (see below). Now, the “ambiguity” propagates itself as
follows. We have to count how many sequences are produced between two
consecutive passages through the center: in the bilateral case this depends
only on n. It is clear that we can express how ambiguity propagates passage
after passage by means of products of matrices of order two. Order two is

822/76/5-6-15
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a simplification allowed by the symmetric behavior of (words beginning
with) BB or DB. These matrices (indexed by n) simply count “how many
(words terminating with) AC and DB are produced by (a word beginning
with) AC in a passage for the center after the time », and how many AC,
DB, [BB] are produced by DB and, which is the same, by BB.”

So we are led to consider binfinite sequences w=...01n_,01n,01n,...,
the space Q2 of these sequences, 2 that of finite right ones, and the maps
Xp..mg 22y and x,, _, (0)=01n,...n,.

For notational convenience, we rename n;,=#n;+ 1, i.e, now n;=1, 2,....
Ifn=2k+1, k=0,1,2,.., set

1k
B(k) = .
) (1 k+1> (>12)
If n=2k+2, k=0,1,2,., set
I k+1
A(k) = .
() (1 k+1> (10)

We have thus the following result.
Proposition 5.1. The ambiguity
2(Xp,. n(@))=2(01,n, = 1,00, n, - 1,.., 0L, n, — 1)
=#{®'(0l,n,—1,01,n,—1,.,01,n,— 1)}
is given by
IM(n,) M(n,_\}...M(n,) v|

where M(n)=A(k) if n=2k+2 and M(n)=B(k) if n=2k+1 and v=(})
or (3) (“depending on the parity of n,"), and

(o)
U2
We have this formulation in view of taking a limit. The ambiguity of

a finite string is not exactly the same, but this is irrelevant in our context.
Also irrelevant is the choice of the initial v.

=U,+l)2

6. THE MARKOV STRUCTURE UNDERLYING THE PRODUCT
OF THE M(n)

The {®~'(01,n—1,01)} is a set of Markov rectangles each beginning
with AC, DB, or BB, terminating again with AC, DB, or BB and of length
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n+ 3. We denote each of them with the triple (-, n—1, -) when we do not
specify its beginning or ending; when we do, e.g., we write (AC, n— 1, AC);
n—1 indicates merely that there are n— | unspecified symbols projecting

onn—1 zeros, n=1.
If n=2k + 1, the description of {@~'(01,n—1,01)} is

(AC, 2k, AC)
(AC, 2k, DB)
(DB, 2k, AC) k strings
(DB, 2k, DB) k strings
(DB, 2k, BB)
(BB, 2k, AC) k strings
(BB, 2k, DB) k strings
(BB, 2k, BB)

[where we mean there are, e.g., k different elements (“strings™) denoted
(DB, 2k, AC) etc.].
If n=2k + 2, the description of {@~'(01,n—1,01)} is

(AC, 2k + 1, AC)
(AC,2k+1, DB)
(DB, 2k+1,AC) k + 1 strings
(DB, 2k +1, DB)
(BB, 2k+1, AC) k + 1 strings
(BB, 2k + 1, DB)

k + 1 strings

k + 1 strings

Therefore {®~'(01,n,—1,01,n,—1,01,n;—1,..} consists of Markov
rectangles which are built by connecting the above elementary Markov
rectangles following the rule that we can connect two of them if and only
if the beginning of the following one is equal to the ending of the preceding
one.

This means considering the Markov system of the space X of the
elementary strings (-,n—1,-), Vn>1, the Markov measure defined by
u((-,n—1,-))=(1/12) 27", and the transition matrix I7(j|i) given below
(i, je X). We have to list separately transitions for “odd” and “even” j [we
say, e.g., that i is odd if i=(-,n—1,-) with n odd].
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Recall that there are actually & columns occupied by strings denoted
(DB, 2k, AC), k by (DB,2k,DB), k by (BB, 2k, AC), and k by
(BB,2k,DB) for j odd and there are £+ 1 columns occupied by
(DB, 2k +1,AC), k+1 by (DB,2k+1,DB), k+1 by (BB, 2k+1, AC),
and k + 1 by (BB, 2k + 1, DB) for j even.

Here we have a very simple Markov system, very near to Bernoulli,
because the transition probabilities /7(j|/) depend only on the length of j
(and of course of the interdictions beginning-end). We are then led to
study the growth of the product of matrices

[M(x,) M(x,_,)...M(x,) v]

where v=(]) or (3), x; is the sequence of random variables
{®~'(01,n—1,01)}, n=1,2,., which are distributed according to the
Markov stationary distribution given by u and I7; M(x;)= M(n) if and
only if x,e {®~'(01,n—1,01)}, where M(n)= A(k) if n=2k +2 and B(k)
ifn=2k+1.

7. THE LYAPUNOV EXPONENT

7.1. Ergodic Theorem

Proposition 7.1 (“Ergodic Theorem”!!*2%2%))  Let (X, u) be a
(discrete) probability space, /1(x, yv) a Markov transition matrix such that
wIT=yp, and IT"(i, j}>0. Let M: X — nonnegative matrices of order two,
such that _[log |M(x)| du(x) < co. Consider the transition kernel

Q(X, ¢1 )’9é)=n(~\‘, )’)éM(,\-M(é) on /\’)(Sl

(S' is the circle); there is on X x S‘ a measure N left invariant by
Q:NQ=Nj; it has the form N=pu(x)v.(dg) (see below). Consider the
ergodic system (X" x S, 6, P, xv.), where 6: (x, ¢) = (6x, M(x,) ),
where {6x},=x,,, is the shift on the space X" of the trajectories {x,} of
the Markov process; P, is the measure on X" such that if x,(x)=x,,

P (x,(x)=i)=p(i) and P, (x,  (x)=jlx,(x)=i)=1I(j]i). Let F(x, ¢)=
log[|M(xo)41/1¢1]. Then

L M) M(x, ) Mixo)§l 17
;Iog 7 " Z F(b(x, 4))

converges P, (x)xv(dg) almost everywhere to

Mix,
1=1 | los L0 ) v o) (1)
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7.2. Ergodicity

We consider actually the ergodic system (XVx S, .1 0, P,xv.).
The measure P, x v, is 0 invariant (see Sections 7.3 and 7.4), M are the
matrices {A(k), B(k)}, u is the Markov measure on the space X of the
strings (-, n— 1, -) (defined in Section 6), and the circle sector n/4 <6 < r/2
is a closed invariant set under the action of M which contains the support
of all v,.

7.3. The Invariance Equation for the Measure: NQ=N

Consider the kernel Q(x, @, y, E)=TI(X, )8 ,)4(¢) and fe CO(X x S").
We have

(Q1)(x, §) =Y. (x, y) f(y, M(x)¢)

N =X [ fx, 8) v.(dh) ux)

xS

Therefore
NQS)=F T u(x) | IT(x, y) Sy, M(x)$) v.(d4)

and the invariance equation N(f)= N(Q f) means that this last expression
is equal to 3, [s f(x, ¢) v, (dg) u(y), so we rewrite it as

IERD Ve J TG 3) S, Mx)9) v ()

to find that Ve C%Xx S!)

X () | e, y) [ MG)G) () = [ 13, 8) v,(dd) ()
Hence, the invariance equation for v, reads
w(y) v (dd) =73 p(x) I(x, y) M(x) v (dp) (7.2)

7.4. The support of v

Let 5= {ws.t.w=4Av, A>0} and ve R% Observe that A(k)s=(!)Vo.
The support of v, as we deduce from the recursive formula (7.2), is there-
fore the closure of the orbit of (;) under B(k). The v, are discrete measures
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carried by the points (,,ﬁq), =1,2,..and ¢=0, I, 2,.... Actually, there are
only three measures, which we call v, vp5, and vgg, due to the special
form of the transition matrix 77(j|i). We also remark that the invariance
equation (7.2) for v, gives by recurrence the explicit construction of the
g-invariant measure P, x v with its existence and unicity.

7.5. Almost Sure Convergence

The Ergodic Theorem 7.1 ensures convergence to A for almost every
trajectory of {x,} and on a set of v, measure one. But since v, is a (coun-
table) sum of deltas weighted on points {(,% )}, there is convergence to 4
ae. {x,} and at all points {(,},)}. We remark, however, that, repeating
the argument of ref. 25, Chapter III, Corollary 1.3, we can to prove the
following stronger statement (although we will not use it):

Proposition 7.2. For all ve Sy, .27

D og [ M) M(X, ). M(Xo) 4
n 9]

converges P, (x) almost everywhere to

M(: .
i=Y Y log MDA 2y v.(6)

x $=(hﬁql |¢|

hzl,¢4g20

8. THE RECURSIVE FORMULA FOR THE COMPUTATION OF
THE LYAPUNOV EXPONENT

The recurrence given by (7) can be started at ¢5=(}). We sometimes
write the strings (-, n— 1, -)€ X simply as 4C, DB, or BB to mean, respec-
tively, (4C,n—1,-), (DB,n—1,-), or (BB,n—1,-), n=1, and by i to
mean any unspecified element of X. We have

i 1
’A = — ] ”',‘ j
L c<l> #(X)M“Em,#(') (x11)

where the sum runs on {i:M(i)= A(k)} ={(-,n—1,-)Vn=2k + 2}
because A(k)0=(;) for all 6, and v, (S')=1 [vpa(S')=1=vge(S")].
This is equal to

=12-2"Y (u((AC, 2k + 1, AC)) II(AC| (AC, 2k + 1, AC))
k

+(k+1) u((DB, 2k + 1, AC)) IT(AC| (DB, 2k + 1, AC))
+(k+1)u((BB, 2k + 1, AC)) IT(AC| (BB, 2k + 1, AC)))
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so that
i
vAC(1>=11/18 (8.1)

Similarly

i
vDB<1)=11/18 (8.2)
As there are no even strings terminating by BB, we have

i
VB,,<1)=0 (83)

Then the recurrence continues as follows:
1. If h=gqk', K" 21, we have

h ) 1 i
Vv = — (I)HX|1)":< )
AC</‘I+CI p(x) M(i)=§5;(""”# ( 1

where the sum runs on
1 h-1
i M(i)=
femo=(; "))

because if h=gh', M(i)~' (1 ,)=¢ if and only if M(i}=B(h'—1) and
#=(})- This is equal to

=12.2" (y((AC, 2(h' 1), AC)) II(AC| (AC, 2(h' — 1), AC)) ¥ 4c (i)

+ u((DB, 2(h' — 1), AC))(h' — 1) II(AC| (DB, 2(h' — 1), AC)) v pg (:))

so that

+(h'~1)

(8.4)

i
3 vAC<1>
()=
Similarly
i i
vAC<1> VDB<1)

h
— = —+(h' =1 - .5
Vos <h +q> 22k ( ) 92k (8.5)
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Also,
Vg (h _/:_ q> =12.2" (y((DB, 2(h'=1), BB))
x [I(BB| (DB, 21’ 1), BB)) v, (i))

1 i
=FVDB<I> (86)

2. Ifh=qgh’+r, k20, 1 <r<gq, we have

w( " )=L Y u(i)H(XIi)vi(;>

h+q)  u(x) g oy

where the sum runs on

(1K
{“M(’):<1 h'+1)}

because if h=qh'+r, I'>0, 1<r<gq, M(@i)™' (,,’+'q)=q§ if and only if
M(i)=B(h') and ¢ = (f,). This is equal to

=12.2" (u((AC, ', AC)) II(AC| (AC, 2h', AC)) v 4c <;>
+ u((DB, 2i', AC)) W TI(AC| (DB, 2H', AC)) v <'>
q

+ u((BB, 2", AC)) k' II(AC| (BB, 2h', AC)) v 55 (;))

so that
v <’: v 4 Vv F
/:1 AC q / DB g , BB q
vAC <h+q>= 22/l'+2 +h 22/l'+2 +h 22[1’+2 (87)
Similarly,
F F F
h v“(l]) vDB(q) v“’(q)
‘JDB<h+q>= 220 +2 +h 22 +2 th 22 +2 (8.8)
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and

(8.9)

F F
( i > Vose p Vas q
Vv = -
88 h+ q 92 +2

22/1' +2

We can now write the explicit formula for the exponent:

1 lA(k) 6] [ 1 :

=gl L [l°g 10| (W”“(g)
k20 §=(4",
h>1,420

| B(k) 6]

1 . .
+ 1) 3353 oa()+ vaa(8)] ) +log 20

1 . 1 . .
X(W VAc(9)+(2k+I)W[VDB(HHVBB(H)])] (8.10)

where the measures v, vz, and vy, are given in (8.1)-(8.9).

9. THE DIMENSION OF vg

We know that (1/g)log |M(x,) M(x,_,)...M(x)v|— 4 for P, ae.
trajectory of the Markov process {x,}. Similarly, the law of the large
numbers ensures that‘!?

glx))+...+glx,)

_'Eu(g(-\’l)) lf Eug<w

P, ae. trajectory of the Markov process {x,}. Take g(x;)=log2"*' to
have

1
510g2n|+1“.+nq+1 - E (n+1)log2

log2 o (2k+3)°  (2k+2)?
== X

6 o 22k+2 22k+l

_log2
6

12
¥ (”’; S Elog?

nzl
Similarly

L a.€.

1
—IOgB"'+""+""+l—PE10gﬁ P
q
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We have indeed proven convergence P, a.c., but now we would like to
say something about convergence P, a.e., where @u=v,. Let

SAP(x)) = M(P(x,))... M(P(x,)), P(x)=n
S(ny=M(n,)...M(n,)
We know that (1/g)log|S,(®(x))v| =4 P, ae, ie., there exists a set
A of P, measure O such that if x¢ 4, then (1/¢)log S ,(®(x)) v| = 4. But

any P, null set 4 has the form & 'B, because we know that S,(x)=
M(x,)...M(x,)=M(n,)...M(n,) if and only if

Xgxax(X) =X X5...x, € {@ 7! (0Otn, — 1011, — 1...01n, — 1)}

As B has P, measure O if and only if 4=& 'B has P, measure 0,
it follows that (1/g)log|S,(n)v] -4 for n¢ B if and only if
(1/g) log |S(@(x)) v| = A for x¢ A"

We can conclude that

1
—log|S (n)v| =1 P, ae.
q

gln)+ ...+ gn,)
q
fn)+...+ f(n,)

— Elog?2 P, ae. for g(n;)=1log?2"*!

vy -

— Elog ,B P, ae. for f(n’.) = lOg Bn;+ 1

q "
and therefore
. A—Elog?2
dlm(v,,) = Tgﬁ
where A is given in (8.10).
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